
Ginzburg-Landau 
Handling the non-normality 

 Forced nonparallel, nonlinear Ginzburg-Landau equation: 
 

𝜕𝑡𝑤 + 𝑈𝜕𝑥𝑤 + 𝑤 𝑤 2 = 𝜇 𝑥 𝑤 + 𝛾𝜕𝑥𝑥𝑤 + 𝑓(𝑥, 𝑡) 
𝜇 𝑥 := 𝑖𝜔0 + 𝜇0 − 𝛾𝜒

4𝑥2 
𝑤 → 0 as x → ±∞ 

 
and U, 𝛾, 𝜔0, 𝜇0, 𝜒 are  positive real constant, 𝑓(𝑥, 𝑡) a “weak” forcing  
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We consider the following change of varibles: 
 

𝑢 = 𝛾𝜒2𝑡 
𝑦 = 𝜒𝑥 

𝑤 𝑥, 𝑡 = 𝑧 𝑦, 𝑢 𝑒
𝑈
2𝛾𝜒𝑦−

𝑦2

2  
 
Show that: 

𝜕𝑢𝑧 −
𝜕2𝑧

𝜕𝑦2
+ 2𝑦

𝜕𝑧

𝜕𝑦
−

𝑖𝜔0 + 𝜇0 −
𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧 + 𝑧 𝑧 2

𝑒
𝑈
𝛾𝜒𝑦−𝑦

2

𝛾𝜒2
=  𝑓 𝑦, 𝑢  

𝑒
−
𝑈
2𝛾𝜒𝑦+

𝑦2

2

𝛾𝜒2
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𝑤(𝑥, 𝑡) = 𝑧(𝑦, 𝑢)𝑒
𝑈
2𝛾𝜒𝑦−

𝑦2

2  
 

𝜕𝑥𝑤 = 𝜒𝜕𝑦𝑤 = 𝜒
𝜕𝑧

𝜕𝑦
+ 𝑧

𝑈

2𝛾𝜒
− 𝑦 𝑒

𝑈
2𝛾𝜒𝑦−

𝑦2

2  

 

𝜕𝑥𝑥𝑤 = 𝜒2
𝜕2𝑧

𝜕𝑦2
+
𝜕𝑧

𝜕𝑦

𝑈

2𝛾𝜒
− 𝑦 − 𝑧 +

𝜕𝑧

𝜕𝑦
+ 𝑧

𝑈

2𝛾𝜒
− 𝑦

𝑈

2𝛾𝜒
− 𝑦 𝑒

𝑈
2𝛾𝜒𝑦−

𝑦2

2

= 𝜒2
𝜕2𝑧

𝜕𝑦2
+
𝜕𝑧

𝜕𝑦

𝑈

2𝛾𝜒
− 𝑦 +

𝑈

2𝛾𝜒
− 𝑦 + 𝑧

𝑈2

4𝛾2𝜒2
+ 𝑦2  −

𝑈

𝛾𝜒
𝑦 − 1 𝑒

𝑈
2𝛾𝜒𝑦−

𝑦2

2  

𝜕𝑡𝑤 = 𝛾𝜒2𝜕𝑢𝑧𝑒
𝑈
2𝛾𝜒𝑦−

𝑦2

2  
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𝜕𝑡𝑤 + 𝑈𝜕𝑥𝑤 − 𝑖𝜔0 + 𝜇0 − 𝛾𝜒
4𝑥2 𝑤 − 𝛾𝜕𝑥𝑥𝑤 + 𝑤 𝑤 2 = 𝑓(𝑥, 𝑡) 

⇒ 𝛾𝜒2𝜕𝑢𝑧𝑒
𝑈
2𝛾𝜒𝑦−

𝑦2

2 + 𝑈𝜒
𝜕𝑧

𝜕𝑦
+ 𝑧

𝑈

2𝛾𝜒
− 𝑦 𝑒

𝑈
2𝛾𝜒𝑦−

𝑦2

2 − 𝑖𝜔0 + 𝜇0 − 𝛾𝜒
4
𝑦2

𝜒2
𝑧𝑒

𝑈
2𝛾𝜒𝑦−

𝑦2

2

− 𝛾𝜒2
𝜕2𝑧

𝜕𝑦2
+
𝜕𝑧

𝜕𝑦

𝑈

2𝛾𝜒
− 𝑦 +

𝑈

2𝛾𝜒
− 𝑦 + 𝑧

𝑈2

4𝛾2𝜒2
+ 𝑦2  −

𝑈

𝛾𝜒
𝑦 − 1 𝑒

𝑈
2𝛾𝜒𝑦−

𝑦2

2

+ 𝑧 𝑧 2𝑒
3𝑈
2𝛾𝜒𝑦−

3𝑦2

2 = 𝑓 𝑦, 𝑢  

⇒ 𝜕𝑢𝑧 +
𝑈

𝛾𝜒

𝜕𝑧

𝜕𝑦
+ 𝑧

𝑈

2𝛾𝜒
− 𝑦 −

𝑖𝜔0 + 𝜇0
𝛾𝜒2

− 𝑦2 𝑧

−
𝜕2𝑧

𝜕𝑦2
+
𝜕𝑧

𝜕𝑦

𝑈

𝛾𝜒
− 2𝑦 + 𝑧

𝑈2

4𝛾2𝜒2
+ 𝑦2  −

𝑈

𝛾𝜒
𝑦 − 1 + 𝑧 𝑧 2

𝑒
𝑈
𝛾𝜒
𝑦−𝑦2

𝛾𝜒2

= 𝑓 𝑦, 𝑢
𝑒
−
𝑈
2𝛾𝜒𝑦+

𝑦2

2

𝛾𝜒2
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⇒ 𝜕𝑢𝑧 −  
𝜕2𝑧

𝜕𝑦2
+
𝜕𝑧

𝜕𝑦

𝑈

𝛾𝜒
− 2𝑦 −

𝑈

𝛾𝜒

+ 𝑧
𝑈2

4𝛾2𝜒2
+ 𝑦2  −

𝑈

𝛾𝜒
𝑦 − 1 +

𝑖𝜔0 + 𝜇0
𝛾𝜒2

− 𝑦2 −
𝑈

𝛾𝜒

𝑈

2𝛾𝜒
− 𝑦  

+
1

𝛾𝜒2
𝑧 𝑧 2𝑒

𝑈
𝛾𝜒
𝑦−𝑦2

=
𝑓 𝑦, 𝑢

𝛾𝜒2
 𝑒
−
𝑈
2𝛾𝜒

𝑦+
𝑦2

2  

⇒ 𝜕𝑢𝑧 −
𝜕2𝑧

𝜕𝑦2
− 2𝑦

𝜕𝑧

𝜕𝑦
+ 𝑧 −

𝑈2

4𝛾2𝜒2
− 1 +

𝑖𝜔0 + 𝜇0
𝛾𝜒2

+
1

𝛾𝜒2
𝑧 𝑧 2𝑒

𝑈
𝛾𝜒
𝑦−𝑦2

=
𝑓 𝑦, 𝑢

𝛾𝜒2
 𝑒
−
𝑈
2𝛾𝜒𝑦+

𝑦2

2  

 

⇒ 𝜕𝑢𝑧 −
𝜕2𝑧

𝜕𝑦2
+ 2𝑦

𝜕𝑧

𝜕𝑦
−

𝑖𝜔0 + 𝜇0 −
𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧 + 𝑧 𝑧 2

𝑒
𝑈
𝛾𝜒𝑦−𝑦

2

𝛾𝜒2
= 𝑓 𝑦, 𝑢

𝑒
−
𝑈
2𝛾𝜒𝑦+

𝑦2

2

𝛾𝜒2
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Show that the normal modes Eigenvalues: 𝑧 = 𝑧 𝑦 𝑒𝜆𝑢 of the linear opeartor: 

𝜕𝑢𝑧 −
𝜕2𝑧

𝜕𝑦2
+ 2𝑦

𝜕𝑧

𝜕𝑦
−

𝑖𝜔0+𝜇0−
𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧 =0 

Are: 
 

𝑧 𝑛 = 𝜁𝑛𝐻𝑛 𝑦 , 𝜁𝑛 = 2𝑛𝑛! 𝜋 −1/2 

𝜆𝑛 =
𝑖𝜔0 + 𝜇0 −

𝑈2

4𝛾

𝛾𝜒2
− 1 − 2𝑛 

 
The normalization coefficients 𝜁𝑛 have been chosen such that:  

𝑧 𝑛, 𝑧 𝑛 = 1 

𝑧1, 𝑧2 =  𝑧1 𝑧2𝑒
−𝑦2𝑑𝑦

+∞

−∞

 

Hermite polynomials: 
𝐻0(𝑦) = 1, 𝐻1(𝑦) = 2𝑦,… 
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𝜕𝑢𝑧 −
𝜕2𝑧

𝜕𝑦2
+ 2𝑦

𝜕𝑧

𝜕𝑦
−

𝑖𝜔0+𝜇0−
𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧 =0 

Eigenvalues: 𝑧 = 𝑧 𝑦 𝑒𝜆𝑢 

𝜆𝑧 −
𝜕2𝑧 

𝜕𝑦2
+ 2𝑦

𝜕𝑧 

𝜕𝑦
−

𝑖𝜔0+𝜇0−
𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧 =0 

−
𝜕2𝑧 

𝜕𝑦2
+ 2𝑦

𝜕𝑧 

𝜕𝑦
−

𝑖𝜔0+𝜇0−
𝑈2

4𝛾

𝛾𝜒2
− 1 − 𝜆

=2𝑛

𝑧 =0 

𝑧 𝑛 = 𝜁𝑛𝐻𝑛 𝑦 , 𝐻0 = 𝜁0, 𝐻1 = 2𝜁1𝑦,… 

𝑖𝜔0 + 𝜇0 −
𝑈2

4𝛾

𝛾𝜒2
− 1 − 𝜆𝑛 = 2𝑛 ⇒ 𝜆𝑛 =

𝑖𝜔0 + 𝜇0 −
𝑈2

4𝛾

𝛾𝜒2
− 1 − 2𝑛 

Normalization coefficient such that: 𝑧 𝑛, 𝑧 𝑛 = 1, 𝑧1, 𝑧2 =  𝑧1 𝑧2𝑒
−𝑦2𝑑𝑦

+∞

−∞
 

𝑧 𝑛, 𝑧 𝑛 = 1 ⇒  𝜁𝑛𝐻𝑛 𝑦 𝜁𝑛𝐻𝑛 𝑦 𝑒
−𝑦2𝑑𝑦

+∞

−∞

= 1 ⇒ 𝜁𝑛
2 =  𝐻𝑛 𝑦 𝐻𝑛 𝑦 𝑒

−𝑦2𝑑𝑦
+∞

−∞

−1

= 2𝑛𝑛! 𝜋 −1 
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Let: 

ℳ𝑧 = −
𝜕2𝑧

𝜕𝑦2
+ 2𝑦

𝜕𝑧

𝜕𝑦
−

𝑖𝜔0 + 𝜇0 −
𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧 

Considering the scalar-product: 

𝑧1, 𝑧2 =  𝑧1 𝑧2𝑒
−𝑦2𝑑𝑦

+∞

−∞

 

Show that the adjoint operator ℳ  verifying 

𝑧1,ℳ𝑧2 = ℳ 𝑧1, 𝑧2  
Is: 

ℳ 𝑧 = −
𝜕2𝑧

𝜕𝑦2 
+ 2𝑦

𝜕𝑧

𝜕𝑦 
−

−𝑖𝜔0 + 𝜇0 −
𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧 

 
Show that ℳ is normal (ℳ ℳ= ℳℳ ), so that the normal mode basis is orthogonal with 
respect to 𝑧1, 𝑧2 . 
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𝑧1,ℳ𝑧2 =  𝑧1 2𝑦
𝜕𝑧2
𝜕𝑦

𝑒−𝑦
2
− 𝑧1 

𝑖𝜔0 + 𝜇0 −
𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧2𝑒

−𝑦2 − 𝑧1 
𝜕2𝑧2
𝜕𝑦2

𝑒−𝑦
2
𝑑𝑦

+∞

−∞

=  
 
−
𝜕

𝜕𝑦
𝑧12𝑦𝑒

−𝑦2 𝑧2 −
−𝑖𝜔0 + 𝜇0 −

𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧1𝑧2𝑒

−𝑦2
+∞

−∞

−
𝜕2

𝜕𝑦2
𝑧1𝑒

−𝑦2 𝑧2
 
𝑑𝑦 
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𝑧1,ℳ𝑧2 =

=  
 
−

𝜕𝑧1
𝜕𝑦 

2𝑦𝑒−𝑦
2
+ 𝑧12𝑒

−𝑦2 − 2𝑦𝑧12𝑦𝑒
−𝑦2 𝑧2

+∞

−∞

−
−𝑖𝜔0 + 𝜇0 −

𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧1𝑧2𝑒

−𝑦2

−
𝜕2𝑧1
𝜕𝑦2 

𝑒−𝑦
2
− 2𝑦

𝜕𝑧1
𝜕𝑦 

𝑒−𝑦
2
− 2𝑧1𝑒

−𝑦2 − 2𝑦
𝜕𝑧1
𝜕𝑦 

𝑒−𝑦
2
+ 4𝑦2𝑧1𝑒

−𝑦2 𝑧2
 
𝑑𝑦 
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𝑧1,ℳ𝑧2 =  
𝜕𝑧1
𝜕𝑦 

2𝑦 𝑧2 −
−𝑖𝜔0 + 𝜇0 −

𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧1𝑧2 −

𝜕2𝑧1
𝜕𝑦2 

𝑧2 𝑒−𝑦
2
𝑑𝑦

+∞

−∞

= ℳ 𝑧1, 𝑧2  

ℳ 𝑧1 = 2𝑦
𝜕𝑧1
𝜕𝑦 

−
−𝑖𝜔0 + 𝜇0 −

𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧1 −

𝜕2𝑧1
𝜕𝑦2 

 

ℳ𝑧 = 2𝑦
𝜕𝑧

𝜕𝑦
−

𝑖𝜔0 + 𝜇0 −
𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧 −

𝜕2𝑧

𝜕𝑦2
 

Normal operator:ℳ ℳ= ℳℳ  
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Show that the normal modes: 𝑧 = 𝑧 𝑦 𝑒𝜆𝑢 of the linear opeartor: 

𝜕𝑢𝑧 −
𝜕2𝑧

𝜕𝑦2
+ 2𝑦

𝜕𝑧

𝜕𝑦
−

−𝑖𝜔0+𝜇0−
𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧 =0 

Are: 
 

𝑧 𝑛 = 𝜉𝑛𝐻𝑛 𝑦 , 𝜉𝑛 = 2𝑛𝑛! 𝜋 −1/2 

𝜆𝑛 =
−𝑖𝜔0 + 𝜇0 −

𝑈2

4𝛾

𝛾𝜒2
− 1 − 2𝑛 

 
The normalization coefficients 𝜉𝑛 have been chosen such that:  

𝑧 𝑛, 𝑧 𝑛 = 1 
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𝜆𝑧 +ℳ 𝑧 = 0 

𝜆𝑧 + 2𝑦
𝜕𝑧 

𝜕𝑦 
−

−𝑖𝜔0 + 𝜇0 −
𝑈2

4𝛾

𝛾𝜒2
𝑧 −

𝜕2𝑧 

𝜕𝑦2 
= 0 

2𝑦
𝜕𝑧 

𝜕𝑦 
−

−𝑖𝜔0 + 𝜇0 −
𝑈2

4𝛾

𝛾𝜒2
− 𝜆 𝑧 −

𝜕2𝑧 

𝜕𝑦2 
= 0 

−𝑖𝜔0 + 𝜇0 −
𝑈2

4𝛾

𝛾𝜒2
− 𝜆𝑛 = 2𝑛, 𝑧 𝑛 = 𝜉𝑛𝐻𝑛 𝑦  

Normalization coeffcient: 

𝑧 𝑛, 𝑧 𝑛 = 1 ⇒  𝜉𝑛𝐻𝑛 𝑦 𝜁𝑛𝐻𝑛 𝑦 𝑒
−𝑦2𝑑𝑦

+∞

−∞

= 1 ⇒ 𝜉𝑛 =
1

𝜁𝑛  𝐻𝑛 𝑦 𝐻𝑛 𝑦 𝑒
−𝑦2𝑑𝑦

+∞

−∞

= 𝜁𝑛 

 

13/23 



Ginzburg-Landau 
WNL 

Quiberon 2019 
catherine.drysdale@onera.fr 
denis.sipp@onera.fr 

Ginzburg-Landau 

There exists 𝜇0 = 𝜇0
𝑐  so that the least-damped normal is marginal: 

𝜆0 =
𝑖𝜔0 + 𝜇0 −

𝑈2

4𝛾

𝛾𝜒2
− 1 ⇒

𝜇0
𝑐 −

𝑈2

4𝛾

𝛾𝜒2
− 1 = 0 

We now consider a slightly supercritical parameter: 
𝜇0 = 𝜇0

𝑐 + 𝛿′ = 𝜇0
𝑐 + 𝜖𝛿 

With 𝜖 ≪ 1and 𝛿 = 𝑂(1). 
Considering the following forcing: 

𝑓 𝑥, 𝑡 = 𝐸′𝛿 𝑦 − 𝑦𝑓 𝑒
𝑖𝜔𝑓𝑡 

𝜔𝑓 = 𝜔0 + Ω
′, Ω′ = 𝜖Ω 

𝐸′ = 𝜖
3
2𝐸 

If  

𝑧 = 𝜖
1
2𝑧′ 

What is the equation verified by 𝑧′? 
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𝜕𝑢𝑧 −
𝜕2𝑧

𝜕𝑦2
+ 2𝑦

𝜕𝑧

𝜕𝑦
−

𝑖𝜔0 + 𝜇0 −
𝑈2

4𝛾

𝛾𝜒2
− 1 𝑧 + 𝑧 𝑧 2

𝑒
𝑈
𝛾𝜒𝑦−𝑦

2

𝛾𝜒2

= 𝐸′𝛿 𝑦 − 𝑦𝑓 𝑒

𝑖𝜔𝑓𝑢

𝛾𝜒2
𝑒
−
𝑈
2𝛾𝜒𝑦+

𝑦2

2

𝛾𝜒2
 

𝑢 = 𝛾𝜒2𝑡 
 

⇒ 𝜕𝑢𝑧
′ −

𝜕2𝑧′

𝜕𝑦2
+ 2𝑦

𝜕𝑧′

𝜕𝑦
−

𝑖𝜔0 + 𝜖𝛿

𝛾𝜒2
𝑧′ + 𝜖𝑧′ 𝑧′ 2

𝑒
𝑈
𝛾𝜒𝑦−𝑦

2

𝛾𝜒2

= 𝜖𝐸𝛿 𝑦 − 𝑦𝑓 𝑒
𝑖𝜔0𝑢
𝛾𝜒2 𝑒

𝑖𝜖Ω𝑢
𝛾𝜒2

𝑒
−
𝑈
2𝛾𝜒

𝑦+
𝑦2

2

𝛾𝜒2
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We look for a solution under the form: 
𝑧′ = 𝑧0

′ 𝑢, 𝜏 + 𝜖𝑧1
′ 𝑢, 𝜏 + ⋯ 

𝜏 = 𝜖𝑢 
What are the equations governing  𝑧0

′ 𝑢, 𝜏  and 𝑧1
′ 𝑢, 𝜏 ? 

Show that  

𝑧0
′ 𝑢, 𝜏 = 𝐴 𝜏 𝑒

𝑖
𝜔0
𝛾𝜒2

𝑢
𝑧 0 𝑦  

is an acceptable solution 
and that 𝑧1

′ 𝑢, 𝜏  remains bounded if: 

𝑑𝐴

𝑑𝜏
=

𝛿

𝛾𝜒2
𝐴 − 𝑧 0, 𝑧 0 𝑧 0

2
𝑒
𝑈
𝛾𝜒𝑦−𝑦

2

𝛾𝜒2
𝐴 𝐴 2 + 𝐸𝑒

𝑖𝜖Ω𝑢
𝛾𝜒2 𝑧 0 𝑦𝑓

𝑒
−
𝑈
2𝛾𝜒𝑦𝑓−

𝑦𝑓
2

2

𝛾𝜒2
 

 
 

16/23 



Ginzburg-Landau 
WNL 

Quiberon 2019 
catherine.drysdale@onera.fr 
denis.sipp@onera.fr 

Ginzburg-Landau 

⇒
𝜕𝑧0

′

𝜕𝑢
+ 𝜖

𝜕𝑧0
′

𝜕𝜏
+
𝜕𝑧1

′

𝜕𝑢
+ 2𝑦

𝜕𝑧0
′

𝜕𝑦
+ 𝜖

𝜕𝑧1
′

𝜕𝑦
−

𝑖𝜔0 + 𝜖𝛿

𝛾𝜒2
𝑧0
′ + 𝜖𝑧1

′ −
𝜕2𝑧0

′

𝜕𝑦2
+ 𝜖

𝜕2𝑧1
′

𝜕𝑦2

+ 𝜖𝑧0
′ 𝑧0

′ 2
𝑒
𝑈
𝛾𝜒𝑦−𝑦

2

𝛾𝜒2
= 𝜖𝐸𝛿 𝑦 − 𝑦𝑓 𝑒

𝑖𝜔0𝑢
𝛾𝜒2 𝑒

𝑖𝜖Ω𝑢
𝛾𝜒2

𝑒
−
𝑈
2𝛾𝜒𝑦+

𝑦2

2

𝛾𝜒2
 

 
Order 1: 

𝜕𝑧0
′

𝜕𝑢
−
𝜕2𝑧0

′

𝜕𝑦2
+ 2𝑦

𝜕𝑧0
′

𝜕𝑦
−
𝑖𝜔0
𝛾𝜒2

𝑧0
′ = 0 

Order 𝜖: 

𝜕𝑧0
′

𝜕𝜏
+
𝜕𝑧1

′

𝜕𝑢
−
𝜕2𝑧1

′

𝜕𝑦2
+ 2𝑦

𝜕𝑧1
′

𝜕𝑦
−
𝑖𝜔0
𝛾𝜒2

𝑧1
′ −

𝛿

𝛾𝜒2
𝑧0
′ + 𝑧0

′ 𝑧0
′ 2
𝑒
𝑈
𝛾𝜒𝑦−𝑦

2

𝛾𝜒2

= 𝐸𝛿 𝑦 − 𝑦𝑓 𝑒
𝑖𝜔0𝑢
𝛾𝜒2 𝑒

𝑖𝜖Ω𝑢
𝛾𝜒2

𝑒
−
𝑈
2𝛾𝜒𝑦+

𝑦2

2

𝛾𝜒2
 

 

𝑧′ = 𝑧0
′ 𝑢, 𝜏 + 𝜖𝑧1

′ 𝑢, 𝜏 + ⋯ ⇒ 𝜕𝑢𝑧
′ =

𝜕𝑧0
′

𝜕𝑢
+ 𝜖

𝜕𝑧0
′

𝜕𝜏
+
𝜕𝑧1

′

𝜕𝑢
+ ⋯ 
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Order 1: 

𝜕𝑧0
′

𝜕𝑢
+ 2𝑦

𝜕𝑧0
′

𝜕𝑦
−
𝑖𝜔0
𝛾𝜒2

𝑧0
′ −

𝜕2𝑧0
′

𝜕𝑦2
= 0 

⇒ 𝑧0
′ = 𝐴 𝜏 𝑒

𝑖
𝜔0
𝛾𝜒2

𝑢
𝑧 0 𝑦  
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Order 𝜖: 

 

𝜕𝑧0
′

𝜕𝜏
+
𝜕𝑧1

′

𝜕𝑢
−
𝜕2𝑧1

′

𝜕𝑦2
+ 2𝑦

𝜕𝑧1
′

𝜕𝑦
−
𝑖𝜔0
𝛾𝜒2

𝑧1
′ −

𝛿

𝛾𝜒2
𝑧0
′ + 𝑧0

′ 𝑧0
′ 2
𝑒
𝑈
𝛾𝜒𝑦−𝑦

2

𝛾𝜒2

= 𝐸𝛿 𝑦 − 𝑦𝑓 𝑒
𝑖𝜔0𝑢
𝛾𝜒2 𝑒

𝑖𝜖Ω𝑢
𝛾𝜒2

𝑒
−
𝑈
2𝛾𝜒𝑦+

𝑦2

2

𝛾𝜒2
 

⇒
𝜕𝑧1

′

𝜕𝑢
−
𝜕2𝑧1

′

𝜕𝑦2
+ 2𝑦

𝜕𝑧1
′

𝜕𝑦
−
𝑖𝜔0
𝛾𝜒2

𝑧1
′

= −
𝑑𝐴

𝑑𝜏
𝑒
𝑖
𝜔0
𝛾𝜒2

𝑢
𝑧 0 +

𝛿

𝛾𝜒2
𝐴𝑧 0𝑒

𝑖
𝜔0
𝛾𝜒2

𝑢
− 𝐴 𝐴 2𝑧 0 𝑧 0

2𝑒
𝑖
𝜔0
𝛾𝜒2

𝑢 𝑒
𝑈
𝛾𝜒
𝑦−𝑦2

𝛾𝜒2

+ 𝐸𝛿 𝑦 − 𝑦𝑓 𝑒
𝑖𝜔0𝑢
𝛾𝜒2 𝑒

𝑖𝜖Ω𝑢
𝛾𝜒2

𝑒
−
𝑈
2𝛾𝜒

𝑦+
𝑦2

2

𝛾𝜒2
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⇒ 𝑧 0, −
𝑑𝐴

𝑑𝜏
𝑧 0 +

𝛿

𝛾𝜒2
𝐴𝑧 0 − 𝐴 𝐴

2𝑧 0 𝑧 0
2
𝑒
𝑈
𝛾𝜒𝑦−𝑦

2

𝛾𝜒2
+ 𝐸𝛿 𝑦 − 𝑦𝑓 𝑒

𝑖𝜖Ω𝑢
𝛾𝜒2

𝑒
−
𝑈
2𝛾𝜒𝑦+

𝑦2

2

𝛾𝜒2
= 0 

 

⇒ −
𝑑𝐴

𝑑𝜏
𝑧 0, 𝑧 0 +

𝛿

𝛾𝜒2
𝐴 𝑧 0, 𝑧 0 − 𝐴 𝐴 2 𝑧 0, 𝑧 0 𝑧 0

2
𝑒
𝑈
𝛾𝜒𝑦−𝑦

2

𝛾𝜒2

+ 𝐸𝑒
𝑖𝜖Ω𝑢
𝛾𝜒2 𝑧 0, 𝛿 𝑦 − 𝑦𝑓

𝑒
−
𝑈
2𝛾𝜒

𝑦+
𝑦2

2

𝛾𝜒2
= 0 

 
 
 
 

𝑑𝐴

𝑑𝜏
=

𝛿

𝛾𝜒2
𝐴 − 𝑧 0, 𝑧 0 𝑧 0

2
𝑒
𝑈
𝛾𝜒𝑦−𝑦

2

𝛾𝜒2
𝐴 𝐴 2 + 𝐸𝑒

𝑖𝜖Ω𝑢
𝛾𝜒2 𝑧 0 𝑦𝑓

𝑒
−
𝑈
2𝛾𝜒𝑦𝑓−

𝑦𝑓
2

2

𝛾𝜒2
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Show that the physical solution is: 

𝑤(𝑥, 𝑡) = 𝜁0𝐶
′ 𝑡 𝑒𝑖𝜔𝑓𝑡𝑒

𝑈
2𝛾
𝑥−
𝜒2𝑥2

2  

𝑑𝐶′

𝑑𝑡
= −𝑖Ω′ + 𝛿′ 𝐶′ − 𝑧 0, 𝑧 0 𝑧 0

2𝑒
𝑈
𝛾𝜒𝑦−𝑦

2

𝐶′ 𝐶′ 2 + 𝜉0𝑒
−
𝑈
2𝛾𝑥𝑓−

𝜒2𝑥𝑓
2

2 𝐸′ 

 
And that the saturation amplitude of the limit-cycle oscillations is:  

𝜁0max
𝑡

𝐶′ 𝑡 = 21/4𝑒
−

𝑈2

16𝛾2𝜒2 𝛿′ 

 
We remind that in the case of the naïve approach: 

𝑤(𝑥, 𝑡) = 𝜁𝐶′ 𝑡 𝑒𝑖𝜔𝑓𝑡𝑒
𝑈
2𝛾
𝑥−
𝜒2𝑥2

2  

𝑑𝐶′

𝑑𝑡
= −𝑖Ω′ + 𝛿′ 𝐶′ −< 𝑤 𝑐 , 𝑤 𝑐 𝑤 𝑐

2 > 𝐶′ 𝐶′ 2 + 𝜉𝑒
−
𝑈
2𝛾𝑥𝑓−

𝜒2𝑥𝑓
2

2 𝐸′ 

Show that the saturation amplitude 𝜁 max
𝑡

𝐶′ 𝑡  exhibits the same value. 

Differences between the two approaches are expected at the next order in fact. 
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𝑧 0, 𝑧 0 𝑧 0
2𝑒

𝑈
𝛾𝜒
𝑦−𝑦2

= 𝜉0𝜁0
3 𝑒

𝑈
𝛾𝜒
𝑦−𝑦2

𝑒−𝑦
2
𝑑𝑦 = 

+∞

−∞

𝜋−1𝜒 𝑒
𝑈
𝛾
𝑥−2𝜒2𝑥2

𝑑𝑥
+∞

−∞

 

 

𝜁0max
𝑡

𝐶′ 𝑡 =
𝜁0

𝑧 0, 𝑧 0 𝑧 0
2𝑒

𝑈
𝛾𝜒
𝑦−𝑦2

𝛿′ =
𝜋−

1
4

𝜋−
1
2𝜒

1
2  𝑒

𝑈
𝛾
𝑥−2𝜒2𝑥2

𝑑𝑥
+∞

−∞

𝛿′

=
𝜋
1
4

𝜒
1
2
𝑒

𝑈2

8𝛾2𝜒2𝜋
1
2

2𝜒

1
2

𝛿′ = 21/4𝑒
−

𝑈2

16𝛾2𝜒2 𝛿′ 
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< 𝑤 𝑐 , 𝑤 𝑐 𝑤 𝑐
2 > =  𝜉𝑒

−
𝑈
2𝛾𝑥−

𝜒2𝑥2

2 𝜁3𝑒
3𝑈
2𝛾𝑥−

3𝜒2𝑥2

2 𝑑𝑥 =
+∞

−∞

𝜉𝜁3 𝑒
𝑈
𝛾𝑥−2𝜒

2𝑥2
𝑑𝑥

+∞

−∞

=
𝜒

𝜁𝜋
1
2

𝜁3 𝑒
𝑈
𝛾
𝑥−2𝜒2𝑥2

𝑑𝑥
+∞

−∞

 

𝜁 max
𝑡

𝐶′ 𝑡 =
𝜁

< 𝑤 𝑐 , 𝑤 𝑐 𝑤 𝑐
2 >

𝛿′ =
𝜋
1
4

𝜒
1
2  𝑒

𝑈
𝛾𝑥−2𝜒

2𝑥2
𝑑𝑥

+∞

−∞

𝛿′ =
𝜋
1
4

𝜒
1
2
𝑒

𝑈2

8𝛾2𝜒2𝜋
1
2

2𝜒

1
2

𝛿′

= 21/4𝑒
−

𝑈2

16𝛾2𝜒2 𝛿′ =
2
1
4

𝑒
𝑈2

16𝛾2𝜒2

𝛿′ 
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